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Abstract. We define and calculate the weighted multiplicities of non 
Gorenstein terminal singularities on threefolds and some quotient 
singularities. As an application, we improve freeness conditions on 
threefolds. 

Introduction 

Let X be a normal projective variety of dimension 3, xq G X a point, 
and L an ample Q-Cartier divisor such that Kx + L is a Cartier divisor at 
xq. Assume that $LP ■ W > a p for any subvariety W of dimension p which 
contains Xq for some fixed real numbers. Then we shall prove the following 
theorems: 

Theorem 0.1 (=Theorem 4.1). Assume xq G X is a quotient singular 
point of type (1/r, a/r, b/r) such that an integer r > 0, (r, a) = 1, and (r, b) = 
1. Let o\ > 3/r, a 2 > 3/-y/r, and > 3/\/r. Then \Kx + L\ is free at xq. 

Theorem 0.2 (=Theorem 4.4). Assume x G X is a nonhyper surf ace 
and not quotient Q-factorial terminal singular point of ind^X = r > 1 . 
Let o"i > 2/r, cr 2 > 2^/2/r, and o~$ > 2y/2/r. Then \Kx + L\ is free at xq. 

Corollary 0.3 (= Corollary 4.5). Assume X have only Q-factorial ter- 
minal singularities and xq G X a point of ind x . X = r > 0. Let o\ > 3/r, 
o~2 > 3/y/r, and a 3 > 3/ \/r. Then \Kx + L\ is free at xq. 

The above results are generalization of the following conjecture by T. 
Fujita: 

Conjecture 0.4. For a smooth projective variety X and an ample divisor L 
on X, the linear system \Kx + mL\ is free if m > dimX + 1. 
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A strong version of Fujita's freeness conjecture is the following: 

Conjecture 0.5. Let X be a normal projective variety of dimension n, x e 
X a smooth point, and L an ample Cartier divisor. Assume that there exist 
positive numbers o~ p forp = 1, 2, • • • , n which satisfy the following conditions: 

(1) \lL v ■ W > cr p for any subvariety W of dimension p which contains x , 

(2) o~ v > n for all p and a n > n. 
Then \Kx + L\ is free at xq. 

We list the cases where the conjectures are already proved. For smooth 
complex algebraic surface, Reider [Rdr] proved the strong version of Fujita's 
freeness conjecture by applying Bogomolov's instability theorem to study 
adjoint series on surfaces. For a projective normal surface, Ein and Lazarsfeld 
[EL], Matsushita [Mat], Kawachi [KM][Kwc], and Ma§ek [Ma] extended the 
result of Reider [Rdr] to singular cases. Langer [Lai] [La2] obtained the best 
estimates for a normal surface by applying a rank 2 reflexive sheaf. For 
Fujita's freeness conjecture, it is quite hard in dimension three proved by 
Ein and Lazarsfeld [EL] . The lectures of Lazarsfeld [L] provided a very good 
introduction. Kawamata[Ka5] proved in dimension four case. For the strong 
version of Fujita's freeness conjecture, Fujita [F] proved that, if o\ > 3, 
o"2 > V7, and a 3 > v^oT, then \Kx + L\ is free at x . Kawamata [Ka5] 
proved the following: 

Theorem 0.6 ([Ka5, Theorem 3.1]). Let X be a normal projective vari- 
ety of dimension 3, xo G X a smooth point, and L an ample Cartier divisor. 
Assume that there exist positive numbers a v for p = 1,2,3 which satisfy the 
following conditions: 

(1) ^ L p -W > Op for any subvariety W of dimension p which contains xq, 

(2) o~\ > 3 ; o" 2 > 3 ; and 03 > 3. 
Then \Kx + L\ is free at xq. 

For a projective variety X of dimension 3 with some singularities, Oguiso 
and Peternell [OP] proved that, with only Q-factorial Gorenstein terminal 
(resp. canonical ) singularities and an ample divisor L on X, the linear 
system \K X + mL\ is free if m > 5 (resp. m > 7). Ein, Lazarsfeld and 
Masek [ELM] , and Matsushita [Mat] extended some of the results of Ein and 
Lazarsfeld [EL] to projective threefolds with terminal singularities. We [Kl] 
extended the result of Kawamata [Ka5] to normal projective threefolds with 
terminal Gorenstein singularities or some quotient singularities. Our freeness 
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conditions in terminal Gorenstein singularities or quotient singular points of 
type l/r(l, 1, 1) are better than in smooth case. We noticed that our proof 
[Kl, Theorem 3.8] of canonical and not terminal singular point case is wrong. 
Note that Lee [LI] [L2] also obtained some results on only Gorenstein canon- 
ical singularities independently. 

The idea of this paper is to define the weighted multiplicities of normal 
singularities and control the constants a v using this invariants. We calculate 
the weighted multiplicities of some quotient singularities and non Gorenstein 
terminal singularities on threefolds. 

Theorem 0.7 (= Theorem 2.5). Let(X,x ) = C n /Z r (l, a u ■ ■ ■ a n _i) such 
that an integer r > 0, (r, a\) = 1, and integers aj (0 < aj < r) for 
1 < j < n — 1. Let I : = min{i | dji = i( mod r) (1 < j < n — 1) for < 
i < r}. Let ji : Y — > X be the weighted blow up of X at x such that 
wt(x , xi, • • • , = (l/r,l/r, • • • ,l/r) with the exceptional divisor E of \x. 
Then we have 

w-mult M:xo X = r n - l /r. 

Theorem 0.8 (=Theorem 2.7). Let (X,x ) be a 3 folds nonhyper surf ace 
and not quotient terminal singular point of md X0 X = r > 1 over C and 
fi : Y — > X the weighted blow up with the weights wt(x, y, z, u) = (1, 1, 1, 1) 
with the exceptional divisor E of /i such that Ky = fi*Kx + E. Then 

w-mult^Jf = 2/r. 

By applying the weighted multiplicities, we improve freeness conditions 
on threefolds (Theorems 4.1, 4.4). Our freeness conditions are better than in 
smooth case. We give explicit examples (Examples 4.2, 4.3) which show the 
estimate in Theorem 4.1 is best. Moreover, we obtain an alternative proof 
(Theorem 5.1) of a theorem of Langer for log terminal singular points of only 
A-type [La2]. The method of [La2] is to use a reflexive sheaf of rank 2, which 
is completely different for ours. We also give explicit examples (Example 5.2, 
5.3) for Theorem 5.1 which shows the estimate is best. 
Our proof of freeness is very similar to the one for the smooth case given in 
[Ka5]. However this involves more careful and detailed analysis of weighted 
blow up and the weighted multiplicities. 
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1 Preliminaries 

Most of the results of freeness in this paper are the applications of the 
following vanishing theorem: 

Theorem 1.1 ( [Kal] [V] ). Let X be a smooth projective variety and D 
a Q-divisor. Assume that D is nef and big, and that the support of the 
difference ^D^ — D is a normal crossing divisor. Then # P (X, K x + [ D^) = 
for p > . 

We recall notation of [Ka5] (cf [KMM]). 

Definition 1.2. Let X be a normal variety and D = HidiDi an effective 
Q-divisor such that Kx + D is Q-Cartier. If /i : Y — > X is an embedded 
resolution of the pair (X, D), then we can write 

K Y + F = fi*(K x + D) 

with F = n~Z x D + T,jejEj for the exceptional divisors Ej. 

The pair (X, D) is said to have only log canonical singularities (LC) 
(resp. kawamata log terminal singularities (K LT)) if di < l(resp. < 1) for all 
i and ej < l(resp. < 1) for all j. 

A subvariety W of X is said to be a center of log canonical singularities 
for the pair (X, D), if there is a birational morphism from a normal variety 
fj, : Y — > X and a prime divisor E on Y with the coefficient e > 1 such 
that (J,(E) = W. The set of all the centers of log canonical singularities is 
denoted by CLC(X, D). For a point x G X, we define CLC(X,x , D) = 
{W ECLC(X,D);x eW}. 

We shall use the following proved by Kawamata [Ka5] [Ka6]. Then we can 
control the singularities of the minimal center of log canonical singularities 
and can replace the minimal center of log canonical singularities by a smaller 
subvariety. 
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Proposition 1.3 ([Ka5 1.5,1.6,1.9] [Ka6]). Let X be a normal variety 
and D an effective Q-Cartier divisor such that Kx + D is Q-Cartier. Assume 
that X is KLT and (X, D) is LC. If W U W 2 G CLC(X,D) and W is an 
irreducible component of W\ fl W 2 , then W G CLC(X,D). If (X,D) is not 
KLT at a point x G X, then there exists the unique minimal element Wq 
of CLC(X,x ,D). Moreover, W is normal at x . Then W has at most a 
rational singularity at x . 

Proposition 1.4 ([Ka5 1.10]). Letx^ G X, D andWo be as in Proposition 
1.3. Let D\ and D 2 be effective Q-Cartier divisors on X whose supports do 
not contain Wo and which induce the same Q-Cartier divisor on Wo- Assume 
that (X, D + Di) is LC at x and there exists an element of CLC(X,x , D + 
Di) which is properly contained in Wq. Then the similar statement holds for 
the pair (X,D + D 2 ). 

We shall need the following Mori's classification theorem of terminal sin- 
gularities in dimension 3. 

Theorem 1.5 ([M]). Let G X be a 3- fold terminal nonhypersurface sin- 
gular point over C. Then G X is isomorphic to a singularity described by 
the following list: 

(1) cA/r, {xy + f(z, u r ) = 0, / G C{z, u r }, (r, a) = 1} C C 4 /Z r (a, r-a,r,l), 

(2) cAx/4, {x 2 + y 2 + f(z, it 2 ) = 0, / G C{z, u 2 }} C C 4 /Z 4 (l, 3, 2, 1), 

(3) cAx/2, {x 2 + y 2 + f(z, u) = 0, / G (z, u) 4 C{z, u}} C C 4 /Z 2 (l, 2,1,1), 
{4)cD/2, {u 2 +z 3 +xyz+f{x, y) = 0,fe (x, y) A }, or { u 2 +xyz+z n +f{x, y) = 
0,/ G (x,y)\n > 4}, {u 2 + y 2 z + z n + f(x,y) = 0, / G (x,y)\n > 3} C 
C 4 /Z 2 (l, 1,2,1), 

(5) aD/3, u 2 + x 3 + y 3 + z 3 = 0, or {u 2 + x 3 + yz 2 + f(x, y,z) = 0, / G 
(x, y, z) 4 }, {u 2 + x 3 + y 3 + f{x, y,z) = 0,fe (x, y, zf} C C 4 /Z 3 (l, 2, 2, 3), 

(6) c£/2, {m 2 + x 3 + ^(y, z)x + z) = 0, g, h £ C{y, z}, g,h G (y, ^) 4 } C 
C 4 /Z 2 (2, 1,1,1). 

T/ie equations have to satisfy 2 obvious conditions: 1. TTie equations define 
a terminal hyper surf ace singularity. 2. T/ie equations are Z n -equivariant. 
(In fact Z n -invariant, except for cAx/A.) 
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2 Definition and Calculation of the weighted 
multiplicities 

We first define the new following notions which we derive from the mul- 
tiplicity of a point on a normal variety X and the multiplicity of an effective 
Q-Cartier divisor D on X at a point: 

Definition 2.1. Let X be a normal variety of dimension point of X, 

\i : Y — > X a weighted blow up at x with exceptional divisors E, W C X 
the subvariety of dimension p such that W is normal at x , the strict 
transform of W, and Z)^ on W the strict transform of an effective Q-Cartier 
divisor Dw on W. The weighted multiplicity of at a;o for ji {yf-m\At^ Xo W) 
is that 

dim — ^W£o — — _ w _ mu ^ W ■ ^— + lower term in h. 
H*O w (-hE\ w ) ' p\ 

The weighted order of on at x for /i (w-ord M:a;o £V) is that 
fi*(D w ) = D w + w-ord^LV • ^lu>- 

The weighted multiplicity at a nonsingular point for ordinary blow up at 
the point is the same as usual multiplicity at the point. Also the weighted 
order of an effective Q-Cartier divisor at a nonsingular point for ordinary 
blow up at the point is the same as usual multiplicity of the divisor at the 
point. We have the following of the weighted multiplicity and the weighted 
order at a nonsingular point: 

Example 2.2. Let X = C 3 and ji : Y — > X the weighted blow up at x of 
the weight (x,y,z) = (l,a,b) for a,b G Z >0 with the exceptional divisor E 
and D an effective Q-Cartier divisor on X. We consider that 

H*Oy(—hE) x s y t (yz) 1 for s + ta + l(a + b) = h or 
H*0 Y {-{h + l)E) 3 x s \yz) l z u for s + l(a + b) +ub = h. 

Then we have 

ih/a+b, 

^Oy(-hE) _ r h-l(a + b) h - I (a + b) 

im ^O Y (-(h + l)E) ^ y \ a j + L b j + 1 
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Then 



w-mult^ ::ro X = 1/ab. 
Moreover, let F = ■ k c,ijkX l y^z k be an equation of D. Then 
w-ord^o-D = min{i + aj + bk; c ijk ^ 0}. 

Example 2.3. Let (X,x ) be a 3 fold terminal singular point of ind^X = 
r > 1 over C and /i : Y — > X the weighted blow up by Kawamata [Ka3] such 
that K Y = fi*K x + (l/r)E. Then, 

w-mult^X < r 2 /(r - 1). 

Moreover, let (X,x ) = (C 3 /Z r (a, r - a, 1), 0) or (xy + f(z, u r ) = C 
C 4 /Z r (a, r - a, r, 1), 0) for (r, a) = 1. Then, 

w-mult M:xo X < r 2 /a(r — a). 

For the weighted order, Kawamata [Ka4] or Kollar [Ko 8. 13] defined the 
similar notion: 

Remark 2.4. Let M be an effective Weil divisor on (X, x ) = C 3 /Z r (a, —a, 1) 
with < a < r and (r, a) = 1, and /x : Y — > X the weighted blow up at 
rr with the weight wt(x, y, z) = (a/r, 1 — a/r, 1/r) with the exceptional di- 
visor E. The weighted multiplicity of M at x (w — mult^pM) defined by 
Kawamata [Ka4] is that 

w — mult^M = r • w-ord^ :X0 M. 

Let / be a holomorphic function near G C n . Assign rational weights 

to the variables. The weighted multiplicity of / defined by Kollar [Ko 8.13] 

(w(f)) is the lowest weight of monomials occurring in /. 

We calculate the weighted multiplicities in four cases. First we calculate 
the weighted multiplicities of some quotient singularities for the weighted 
blow up at the points. 

Theorem 2.5. Let (X, x ) = C n /Z r (l, a± : • • • a n _i) such that an integer r > 
0, (ai,r) = 1, and integers aj (0 < a^- < r) /or 1 < j ' < n — 1. Let 
I := min{i | aji = i( mod r) (1 < j < n — 1) for < « < r}. Lei /i : 
F — > X &e i/ie weighted blow up of X at x such that wt(x ,Xi, ■ ■ ■ , x n _i) = 
(l/r,l/r, • • • ,l/r) with the exceptional divisor E of fi. Then we have 

w-mu\ :xo X = r n ~ l /r. 
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Proof, we consider 



lx*(JY\-hE) 



for /i > Z(6 + &H h6 n -i)A G ^ an( i &o + &iai + &2aH h&n-iOn-i G rZ. 

We fix fcj for 1 < j < n — 1. We consider = rrij k r + fcj for < kj < 

r — 1 and 7T7. Jfe > 0. Then we have b = mr — a\k\ + 02^2 + • • • + a n _ifc n _i. 



Then we have \{k\ + k 2 + ■ ■ • + fc n -i — aik\ + 02^2 + • • • + a n -ik n -i)/r G Z 

and m + m Ul + m 2fc2 H h m ra _ Un i + (£4 + k 2 H fc n -i 

— aiki + a 2 /c2 + • • • + a„_iA; n _i)/r < (h — 1)//. Then we have 



-r < (£4 + A; 2 H h fc„_i - aifci + a 2 A:2 H h a-n-xKi-x < r(n - 1). 

Then 

„-! ( L (fe-l)Aj+2)! Q^ w _ 1 ( L (fe-l)/f J +2 + n)! 

' n\( l (h-l)/l ] +2-n)\ ~ ^0 Y (-hE) ~ r n\{ v {h - + 2)! " 

Hence 

w-mult^X = r"" 1 //™. 

□ 

Second we calculate the weighted multiplicities of subvariety of C 3 /Z r (l, a, b). 

Lemma 2.6. Let (X, x ) = C 3 /Z r (l, a, b) such that an integer r > 0, (a, r) = 
1, and (b,r) = 1. Let I : = min{i \ i = ai = bi( mod r) for < i < r}. Let 
\x : Y — > X be the weighted blow up of X at Xq such that wt(x,y,z) = 
(l/r,l/r,l/r) with the exceptional divisor E of fj,. Let C = C/Z r (l) ; Si = 
C 2 /Z r (l, a), S 2 = {xy + z n = C C 3 /Z r (l, a, b)}, and S 3 = {x 2 + f(y, z) = 
C C 3 /Z r (l, a, b)}. Then we have 

w-mult^C = l/Z,w-mult M:xo <Si = r/l 2 , 
and w -mult Si = 2r/l 2 for i = 2 or 3, 
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Proof. Let C be the strict transform of C, Si the strict transform of Si for 
1 < i < 3, and e such that ae = 1( mod r). 
In C case, we consider that, 



9 x s for h > sl/r E Z and s E rZ. 



fi*Oc(-hE\ C ) 

As in Theorem 2.5, we have w-mult M:Xo C = 1/7. 
In Si case, we consider that, 

3 x s y u for /i > (s + w)Z/r G Z and s + au E rZ. 



Osi,x 



luO gi (-hE\ Sl ) 

As in Theorem 2.5, w-mult^yS'i = r/l 2 . 
In ^2 case, we consider that, 

Os 2 ,x x s z u for h > (s + u)l/r E Z and s + bu E rZ or 

V*0§ 2 {-hE\g 2 ) 3 y l z u for h> (t + u)l/r E Z and t + ebu E rZ. 

As in Theorem 2.5, w-mult^^,,^ = 2r// 2 . 
In S3 case, we consider that 

Os^xo y l z u for h > (t + u)l/r E Z and t + ebu E rZ or 



/i*Os 3 (-hE\g 3 ) xy l z u for h > (1 + t + u)l/r E Z and e + t + ebuE rZ. 
We fix j for < j < r. We consider u = mr + j. 

We have t = n^r — ebj or — ebj — e. Then (m + rii)r + j — ebj or 
(m + n 2 )r + j — e6j — e + 1 < r{h — 1) //. Then we have —r<j — ebj < r 
and — 2r < j — ebj — e + 1 < r. Then 

dfo-W 0^, ( L (fc-l)/ij+3)! 

2r— — — — - , < — - ' , „, : < 2r- 



( L (fc - 1)/Zj - 2)!2! vL m O s (-hE\ s ) (tih - 1)/Jj + 1)!2! ' 

Hence we have w-mult M:xo 5' = 2r// 2 . □ 

Third we calculate the weighted multiplicities of 3 folds nonhypersurface and 
not quotient terminal singular point of md Xo X = r > 1 for a weighted blow 
up. 

Theorem 2.7. Let (X,x ) be a 3 folds nonhypersurface and not quotient 
terminal singular point of ind X0 X = r > over C and /j, : Y — > X the 
weighted blow up with the weights wt(x, y, z, u) = (1, 1, 1, 1) with the excep- 
tional divisor E of /i such that K Y = H*K X + E. Then 

w-mult^X = 2/r. 
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Proof. Case(l) Let (X,x ) {xy + f{z,u r ) = C C 4 /Z r (a, r - a, r, 1), 0) for 
(r, a) = 1. We consider that, for xy = —f(z,u r ) (z f(z,w r )), 

[j,*0 Y (—hE) x s z l u m for s + I + m = h and as + Ir + m G rZ or 
/i»Oy(-(/j + y t z l u m for t + I + m = h and (r — a)i + Zr + m G rZ. 

Then, as Theorem 2.5, w-mult M;:ro X = 2/r. 

Case(2) cAx/4. Let (X, x ) be (a; 2 + y 2 + f(z, u 2 ) = C C 4 /Z 4 (l, 3, 2, 1), 0). 
We consider that, for x 2 = —y 2 — f(z,u 2 ), 

O x ,x y i z l u m for t + l + m< h and 3t + 2/ + m G 4Z or 

HtO Y {-hE) 3 xy l z l u m for 1 + i + Z + m < h and 1 + 3t + 2/ + m G 4Z. 

We fixed ji and j 2 f° r < ji, ji < 4 such that t = An^ + jiin^ > 0) and I = 
^ n h + ^2 ( n i2 — 0)- Then we have m = 4n— 3ji + 2j 2 or m = 4n'— 3ji + 2j 2 — 1 
Then < 4(71^ + n h +n) + (ji + j 2 - W+W2) Aiji n +n j2 + ra') + (ji + h ~ 
3j'i + 2j 2 ) - 1 < h - 1. We have -4 < j x + j 2 - 3ji + 2j 2 < 8. Then we have 

( L (ft-9)/4 J+ 3). 0fa „ ( L( ; i + 3)/4 J+ 3)! 

(^a-ov^jb! (uO Y (-hE) ^(h + sy^m ■ 

Hence, we have w-mult M::ro X =1/2. 

Case (3) cAx/2. Let (X, x ) be (a; 2 + y 2 + f(z, u) = C C 4 /Z 2 (l, 2, 1, 1), 0) 

where ord(/) > 2 for wt(z, = (1, 1). 

Then we consider that, for x 2 = —y 2 — f(z,u), 

fi*Q Y (-hE) y l z l u m for t + I + m = h and 2t + I + m G 2Z or 

^0 Y (-(h + l)E) 3 xy l z l u m for 1 + t + I + m = h and 1 + 2t + I + m G 2Z. 

Then we have 

dim i^FCT = t> - " + 1} = ftV2 + 3V2 + L 

Hence, we have w-mult M:Xo X = 1. The proofs of cases (4) and (6) are the 
same as the proof of case (3). 

Case(5) cD/3. Let (X,x ) be u 2 + x 3 + y 3 + z 3 = or {u 2 + x 3 + y-2 2 + 
/(x, y, z) — 0, f E (x, y, z) A } or {u 2 + x 3 + y 3 + f(x, y, z) = 0, / G (x, y, ^) 4 } 
C C 4 /Z 3 (l,2,2,0). 

We consider that, for u 2 = —h(x,y,z), 

Ox,x x t y s z m for t + s + m < h and t + 2s + 2m G 3Z or 

H^O Y {-hE) 3 x t y s z m u for t + s + m + 1 < /1 and t + 2s + 2m G 3Z. 

As in case (2), we have w-mult M:xo X = 2/3. □ 
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Fourth we calculate the weighted multiplicities of quotient of rational double 
points under the action Z r (l, a, b) for (r, a) = 1 and < b < r. 

Lemma 2.8. Let (X,x ) be a 3 folds nonhypersurface and not quotient ter- 
minal singular point of ind X0 X = r > over C and fi : Y — > X the 
weighted blow up with the weights wt(x, y, z, u) = (1,1,1,1) with the ex- 
ceptional divisor E of n such that Ky = fi*Kx + E. Let C = C/Z r (l) and 
S (l)xy + z n = C C 3 /Z r (l, a,b), or (2)xy + z n = C C 3 /Z r (6, 1, a), 
(3)x 2 + f(y, z) = 0c C 3 /Z r (l, a, b), (A)x 2 + f(y, z) = C C 3 /Z r (o, 1, a) /or 
(r, a) = 1 and < o < r. Tnen 

w-mult M:X() C — 1/r and w-mult At:X0 S' — 2/r. 

Proof. Let (7 the strict transform of C, 5 the strict transform of 5, and e 
such that ae = 1( mod r). 
In C case, we consider that, 



a 



C,:ro 



3 x s for /i > s and s G rZ. 



H.O {-hE\ ) 

As in Theorem 2.5, w-mult M:xo C = 1/r. 
In the (1) case, we consider that, 

Os,x x s z u for h > s + u and s + 6-u G rZ or 

/i^Osi—hEls) y l z u iox h> t + u and t + eo-u G rZ. 

As in Theorem 2.5, w-mult (U:a;oJ S' = 2/r. 
In the (2) case, we consider that 

Os,x x s z u for h > s + u and eos + u£ rZ or 



H^O§(—hE\§) y z u for h> t + u and et + u G rZ. 

As in Theorem 2.5, w-mult jti: - E0 5' = 2/r. 
In the (3) case, we consider that 

0s,a; o y'z" for h > t + u and £ + eo-u G rZ or 

li*Os{—hE\s) xy t z u ior h > 1 +t + u and e + t + efe-u G rZ. 

As S3 case in Lemma 2.6, w-mult^ :a;o S = 2/r. 
In the (4) case, we consider that, 

Os,x _^ y t z u for h > t + u and t + au G rZ or 



/j,*0§(—hE\§) ^ xy t z u for ft, > 1 + t + u and b + t + au G rZ 
As S3 case in Lemma 2.6, w-mult M:yo S = 2/r. □ 
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3 General methods for freeness of adjoint lin- 
ear systems 

We can construct divisors which have high weighted order at a given 
point from the following: 

Lemma 3.1. Let X be a normal and complete variety of dimension n, L a 
nef and big Q-Cartier divisor, x G X a point, and t,t a rational number 
such that t > t > 0. We assume that /i : Y — > X is the weighted blow up 
of X at xo with the exceptional divisor E of (/,. Let W C X be a subvariety 
of dimension p such that W is normal at xo . Then there exists an effective 
Q-Cartier divisor Dw such that Dw ~q tL\w and 

, „ , , / LPW 

which is a rational number for < e {J w-mult M::ro W j L P W . 

Proof. We change the multiplicity of subvariety at the point with the weighted 
multiplicity of subvariety at the point for \x in [Kl 2.1 ( cf [Ka5 2.1])]. The 
proof is the same as [Kl 2.1 ( cf [Ka5 2.1])]. □ 

The following proposition is the key of the proofs of our results of freeness: 

Proposition 3.2 ([Kl, 2.2] cf [Ka5, 2.3]). Let X be a normal projective 
variety of dimension n, x G X a KLT point, and L an ample Q-Cartier 
divisor such that K x + L is Cartier at x . Assume that there exists an 
effective Q-Cartier divisor D which satisfies the following conditions: 

(1) D ~q tL for a rational number t < 1, 

(2) (X, D) is LC at x , 

(3) {x } G CLC(X,D). 
Then \Kx + L\ is free at xq. 

We generalize [Ka5, 2.2] in which Q-di visors have integral order at Xq. 
For our purpose, we need to treat Q-Cartier divisors of fractional weighted 
orders at x . 

Lemma 3.3. Let X be a normal projective variety of dimension n, x G 
C n /Z r (l, di, • • • a n _i) such that an integer r > 0, (r, ai) = 1, and < aj < r 
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for l<j<n — l,Lan ample Q-Cartier divisor such that Kx + L is Cartier 
at Xq. Let I := min{i | aji = i( mod r )(1 < j < n—1) for < i < r}. Let fi : 
Y — > X be the weighted blow up of X at xo such that wt(xo, x±, ■ ■ • , x n ^\) = 
(l/r,l/r, • • • ,l/r) with the exceptional divisor E of fi such that Ky = [i*Kx + 
(nl/r — 1)E. Let W be a prime divisor with w-ord^xgW = Id/r > l/r 
for an integer d, and e, k positive rational numbers such that de < 1 and 
(kl/r) n < L n l n jr n ~ x . Assume that there exists an effective Q-divisor D 
such that D ~q L and w-ord M:X() D > Ik/r, and moreover that D > ekW 
for any such D. Then there exists a real number A with < A < 1 and 
A < max{\ — de, {den)^ l ^ a ^} which satisfies the following condition: if k' 
is a positive rational number such that kl > k and 

(\-r + { l ~ de : x r- l {{- + n A f ~ r - (- + , \ de < Ln 



r 1 — A r 1 — de — A r r 1 — de — A r r" _1 ' 

then there exists an effective Q-divisor D such that D ~q L andw-ord^ :Xo D > 
Ik' jr. (If A = 1 — de, then the left hand side of the above inequality should 
be taken as a limit.) 

Proof, (cf [Ka5, 2.2]) We have w-mult M:;co X = r n ~ l /l n by Theorem 2.5. Let 
k = sup {q; there exists an effective Q-divisor D such that D ~q L and 
w-oid^xyD = ql/r }. Let us define a function 0(g) for q G Q with < q < k 
to be the largest real number such that D > <f)(q) W whenever D > 0, D ~q L 
and w-oi&^.^D = ql/r. Then is a convex function [Ka5, 2.2 125 - 128 ]. 
Since 4>(k) > ek, there exists a real number A such that < A < 1 and 
<t>{q) > e(g — A/c)/(l — A) for any q. 

Let m be a large and sufficiently divisible integer and v : H°(X,mL) — > 
Ox, Xo ( m L) = Ox,x the evaluation homomorphism. We consider subspaces 
Vi = i/ _1 (//*Oy(- iE)) of H°(X,mL) for integers i such that \kml/r < i < 
k'ml/r. First, we have 

t, rrn/^ r , r™" 1 (AA;m//r) n , 
diml/rAfcmi/ri > dimn {X,mL) ■ h lower terms m m. 

Let D G \mL\ be a member corresponding to /i G Vi for some i. Since we 
have D > <p(ir /lm)mW , the number of conditions in order for h G Vi + \ is at 
most ( the number of homogeneous polynomials of order % — <p(ir / lm)m(dl /r) 
in n variables ) x w-mult M:X0 X, i.e., 

r n - 1 (i - (pUr/lm^dl/r) 11 - 1 , 

— ■ h lower terms in m. 

l n n-l\ 
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Therefore, we have k' < k because 

n-1 /\l 1 I \n k'ml/r-1 (■ e(ri/lm-Xk) / x n _j 

r n AXkml r) n ^ \ l rnM/r) 

— — \ 1 h > — + lower terms m m 

l n 1 n\ ^ n-l! J 

i= \\kml/r~\ 

_ r"- 1 {\kml/r) n {^T^f{{k'l/r + ^-kl/rY - (Xkl/r + ^-Jkl / r) n }m n 
~ l n ^ n\ + n\ * 

m n L n 

+lower terms m m < - h lower terms m m. 

n\ 

By [Ka5 2.2 last part], we have that A < max{l - de, (nde)- 1/{n - 1) }. □ 

4 Main Theorem 

First we consider some isolated quotient singular points. 

Theorem 4.1. Let X be a normal projective variety of dimension 3, xo G X 
a quotient singular point of type (l/r,a/r,b/r) such that an integer r > 0, 
(a, r) = 1 and (b,r) = 1, and L an ample Q-Cartier divisor such thatKx + L 
is Cartier at x . Assume that there are positive numbers a v for p = 1,2,3 
which satisfy the following conditions: 

(1) </LP -W>a p for any subvariety W of dimension p which contains x , 

(2) o~i > 3/r, a 2 > 3/^/r, and <t 3 > 3/ ^fr. 
Then \K X + L\ is free at x . 

Proof. Let I := min{i | ai = bi = i{ mod r) for < i < r}. Let fj, : Y — > X 
be the weighted blow up of X at x such that wt(x, y,z) = (l/r,l/r,l/r) with 
the exceptional divisor E of fi such that Ky = H*Kx + (31 /r — 1)E. Hence 
w-mult M:Xo X = r 2 // 3 by Theorem 2.5. 

Step 0. Let t be a rational number such that t > (3/ ' y/r)/ '{/(L 3 ). Since 
o" 3 > 3/^/r-, we can take t < 1. Let to be a rational number such that 
to = (3/ ' ^/r)/\/U — e for < e <C ^/r 2 /l 3 L 3 . By Lemma 3.1, there exists 
an effective Q-Cartier divisor .D such that D ~q tL and w-ord M:a;o -D > (t + 
e)^/(L 3 )/ 3 /^ 2 - Hence w-ord^D = 31 /r. 

Let c be the log canonical threshold of (X, D) at xq: 

c = sup {t G Q; i^x + t-D is at rr }. 
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Then c < 1. Let W be the minimal element of CLC(X, x , cD). If W — {x }, 
then \Kx + L| is free at x by Proposition 3.2, since ct < 1. 
Step 1. We consider the case in which = C is a curve. By Proposition 1.3, 
C is normal at xo, i.e., smooth at xq. Let U be a neighborhood at rr . Then 
C| [/ = C/Z r (l). Hence we have w-mult M:xo C = 1/7 by Lemma 2.6. Since 
<7i > 3/r, there exists a rational number £' with ct + (1 — c) < t' < 1 and 
an effective Q-Cartier divisor L>^ on C such that ~q (£' — c£)L|c and 
w-ord M:a;o L>^< = 3/(1 — c)/r. As in [Ka5, 3.1 Stepl], there exists an effective 
Q-Cartier divisor D' on X such that D' ~q (f - ct)L and D'| c = D' c . Let 
L^ be a general effective Q-Cartier divisor on an afhne neighborhood U\ of 
Xq in X such that D[\ C nUi — D' c \cnUi an d w-ord^gL^ = 3/(1 — c)/r. Then 
we have w-ord (ti:a;o (cD + D'J = 3//r, hence {x } G CLC(U 1: cD + Z^). Let 

d = sup {t G Q; K x + (cD + tD[) is LC at x }. 

Since D[ is chosen to be general, we have d > 0. We have an element 
W such that W E CLC(X,x ,cD + c'D[) and W 2 C- By Proposition 
1.3, CLC(X,xq,cD + c'D^) has an element which is properly contained in 
C. By Proposition 1.4, we conclude that (X,cD + c'D') is LC at x , and 
CLC(X, x , cD + c'D') has an element which is properly contained in C, i.e., 
{x }. 

Step 2. We consider the case in which W = S is a surface. Let [/ be a 
neighborhood at x and /i : U — ► C/ its closure of local universal cover, 
i.e., U = C 3 /Z r (l, a, b) and U = C 3 . Let S be /i*(S , | t ^) and x x h'^Xo). Since 
x G S is a KLT point [Ka5, 1.7] and h is ramified only over x , S C C 3 is also 
irreducible and x\ G 5 is at most KLT. Moreover 5 C C 3 is a hypersurface, 
S is also Gorenstein. Therefore, x\ G 5 is a rational Gorenstein point, that 
is, x\ G 5 is a smooth point or a rational double point. If x\ is a smooth 
point of 5, then S\ v = C 2 /Z r (l,a') for (a',r) = 1. By Lemma 2.6, we have 
w-mult jU:a;o 5' = r/l 2 . If xi is a rational double point of S, then S is A type or 
D type or E type, i.e, S = x 2 + f(y, z) = or xy + z n+l = 0(n > 0) and S is 
invariant by the action of Z r (l, a', b') for (r, a') = 1 and (r, b') = 1. We have 
w-mult (U:a;o jS' = 2r// 2 by Lemma 2.6. Let d := w-mult At:X0 S'(/ 2 /r) = 1 or 2. 
Step 2-1. We assume first that d — 1. As in Step 1, there exists a rational 
number t' with ct + (1 — c) < t' < 1. By Lemma 3.1 and <t 2 > 3/y/r, 
there exist an effective Q-Cartier divisor D' on X and a positive number d 
such that £>' ~ Q {? - ct)L, w-ord^D'ls = (3//r)(l - c), (A", cD + c'D') 
is LC at rr , and that the minimal element W of CLC(X,x ,cD + c'D') 
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is properly contained in S. Thus we have the theorem when W = {xq}. 
We consider the case in which W = C is a curve. Since t,t' < 1, we have 
ct + c'(t' — ct) + (1 — c)(l — d) < 1. As in Step 1, we take a rational number 
t", an effective Q-Cartier divisor D" on X, and a positive number c" such 
that ct + c'(t' - ct) + (1 - c)(l - c') < t" < 1, D" ~ Q (t" - ct - c'(t' - ct))L, 
w-ord X0 D"\ c = (3//r)(l - c)(l - c'), (X, c£> + c'D' + c"£>") is LC at x and 
that the minimal element W" of CLC(X,x , cD + c'D' + c" D") is properly 
contained in C, i.e., {a; } G CLC(X, x ,cD + c'D' + c"D"). 
Step 2-2. We assume that d = 2. As in Step 2-1, we take a rational number 
t' with ct + \/2(l — c) < t' and an effective Q-Cartier divisor D' on X with 
D' ~q (t' — ct)L and w-ord M:a;o D'| s = (3//r)(l — c). Here we need the 
factor because S has the weighted multiplicity 2r/l 2 at xq. Then we take 
< c' < 1 such that (X, cD + c'D') is LC and CLC(X, rr , cD + c'D') has 
an element which is properly contained in S. 

We shall prove that we may assume ct + \/2(l — c) < 1. Then we can 
take t' < 1 as in Step 2-1, and the rest of the proof is the same. For this 
purpose, we apply Lemma 3.3. In argument of Steps through 2-1, the 
number t was chosen under the only condition that t < 1. So we can take 
t — 1 — ei, where the e n for n — 1,2, ... will stand for very small positive 
rational numbers. Then kl/r = 3//r(l — ei) = 31 /r + e 2 and e = l/3c. This 
means the following: for any effective D ~q tL, if w-ord^ :Xo D > 3l/r, then 
cD > S. We look for k' > 6/(3 — \/2) so that there exists an effective Q- 
Cartier divisor D ~q tL with t < (3 — \/2)/2 and w-ord^ :a;o D > 3//r. The 
equation for /c' becomes 

A 3 |f l-2e-A 2 2Ac 2Ac 

A +( 1-A } l( 3W! + l-2e-A ) " (A+ l- 2e -A ) l<L 

We have A < 1/VQe, 1/3 < e < 1/2, and in particular, < A < l/y/2. By 
[Ka5, 3.1 Step2-2], we obtain a desired D, and can choose a new t such that 
£ < (3 — v / 2)/2. Then we repeat the preceding argument from Step 0. If we 
arrive at Step 2-2 again, then we have 2/3 < c < 1 and ct+v / 2(l — c) < 1. □ 

The following shows that the conditions in Theorem 4.1 is best possible. 

Example 4.2. Let X = P(l, 1, l,r) and x = (0 : : : 1). Then x is a 
quotient singular point of type C 3 /Z r (l, 1, 1) and K x = 0(—r — 3). If K x + L 
is Cartier at x and L is effective, we have L = 0(rk + 3)(k G Z, rk + 3 > 0). 
IfL = 0(3), 5 = P(l,l,r) ; and C = P(l,r), t/ien |X X +L| not /ree at a; 
and we nave L 3 = 27/r 7 L 2 ^ = 9/r, and LC = 3/r. 
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We have the following that Kx + L is not free at a quotient terminal 
singular point for L 3 > 27 jr but LC < 3/r. 

Example 4.3. Let X = P(l, a, r — a, r) /or r > 2a and x = (0 : : 
0:1). T/ien x is a quotient singular point of type C 3 /Z r (l,a, r — a) and 
Kx = 0(—2r — 1). If Kx + L is Cartier at xq and L is effective, we have 
L = Q(rk + l)(k G Z,rk + 1 > 0). If L = 0(r + 1) and C = P(r - a,r), 
then \Kx + L\ is not free at xo and L 3 = (r + l) 3 /ra(r — a) > 27/r 
LC = (r + l)/r(r - a) < 3/r. 

We obtain estimates for nonhyper surf ace and not quotient Q-factorial 
terminal singularities. 

Theorem 4.4. Let X be a normal projective variety of dimension 3, xq G X 
a nonhyper surf ace and not quotient Q-factorial terminal singular point of 
md X0 X = r > 1, and L an ample Q- Cartier divisor such that K x + L is 
Cartier at x . Assume that there are positive numbers a p for p = 1,2,3 
which satisfy the following conditions: 

(1) \/L p ■ W > a, p for any subvariety W of dimension p which contains xq, 

(2) o x > 2/r, o- 2 > 2 v /27^ ; and a 3 > 2^2/V. 
Then \Kx + L\ is free at xq. 

Proof. Let // : Y — > X the weighted blow up with the weights wt(x, y, z, u) = 
(1, 1, 1, 1) with the exceptional divisor E of fi such that Ky = [i*Kx + E. 
Then w-mult M:Xo X = 2/r by Theorem 2.7. 

Step 0. Since a 3 > 2 {/2/r and Lemma 3.1, as in Step of the proof of 
Theorem 4.1, there exist a rational number t and an effective Q-Cartier 
divisor D such that < t < 1, D ~q tL, and w-ord fi:Xo D = 2. 
Let c be the log canonical threshold of (X, D) at xq\ 

c = sup {t G Q; K x + tD is LC at x }. 

Then c < 1. Let W be the minimal element of CLC(X, xq, cD). lfW = {xq}, 
then \Kx + is free at x by Proposition 3.2, since ct < 1. 
Let U be a neighborhood at x , and : U — > C/ its closure of local universal 
cover ,J^e., 

C/i = Ui/Z r (a, r-a,r, 1) and lq = {xy + /(z, w r ) = 0} C C 4 , 

U 2 = C/2/Z 4 (l, 3, 2, 1) and = {x 2 + + /(z, m 2 ) = 0} C C 4 , 

U 3 = U 3 /Z 2 (l, 2, 1, 1) and U 3 = {x 2 +y 2 + f(z, u) = 0, / G (z, n) 4 C{^, n}} C 
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c 4 , _ _ 

U 4 = U 4 /Z 2 (l, 1, 2, 1) and U 4 = {u 2 +z 3 +xyz+f(x, y) = 0, / e (x, y) 4 }, or {u 2 + 
xyz + z n + /(x, y) = 0,fe (x, y)\ n > 4}, {u 2 + y 2 z + z n + /(x, y) = 0, / e 
(x,y)V>3}cC 4 , _ 

C/g = C/ 5 /Z 3 (l, 2, 2, 3) and C/ 5 = w 2 + x 3 + + z 3 = 0, or {w 2 + x 3 + yz 2 + 
/(x, y,z) = 0,fe (x, y, z) 4 }, K + x 3 + y 3 + /(x, y, z) = 0, / e (x, y, z) 4 } C 
C 4 , 

C/ 6 = U 6 /Z 2 (2, 1, 1, 1) and C/ 6 = {w 2 + x 3 + g(y, z)x + %, 2) = 0, g, h e 
C{y,z},g,he(y,z)*}(ZC*. 

Step 1. We consider the case in which W = C is a curve. By Proposition 
1.3, C is smooth at x . Since {j; = !/ = « = C U{\, {x = y = u = 0c £7 2 }, 
{x = z = m = 0c C/3}, {x = y = u = 0c U4}, {x = y = z = 0c C/5}, and 
{x = t/ = z = 0c [4} are points, then C\u = C/Z r (l). Hence by Lemma 
2.8, we have w-mult M:;co C — 1/r. Since <Ji > 2/r, as in Step 1 of the proof of 
Theorem 4.1, we take a rational number t' such that ct + (1 — c) < t' < 1, 
and an effective Q-Cartier divisor D' on X and a positive number d such 
that D' ~q (f - ct)L, w-ord^D'lc = 2(1 - c), (X,cD + c'ZT) is LC at x , 
and the minimal element W 7 of CLC(X, xo, c.D + c'-D') is properly contained 
in C, i.e., {x }. 

Step 2. We consider the case in which W = S is a surface. Let 5 be /i*(«S|;y)> 
and xi be h~ 1 (xo). Since {7 is Q-factorial Gorenstein terminal at Xi, U is 
factorial at xi([Ka2, Lemma 5.1]). In particular, S is a Cartier divisor at x±. 
Therefore, x^E S is a rational double point. Then S is A type^or D type or 
E type, i.e, S = x 2 + f(y, z) = or xy + z n+1 = 0(n > 0) and S is invariant 
by the action of Z r (a', 1, 6') for (r, a') = 1 or (r, 6') = 1. By Lemma 2.8, We 
have w-mult^xgS = 2/r. 

Step 2-1. As in Step 1 of the proof of Theorem 4.1 , there exists a ratio- 
nal number t' with ct + (1 — c) < t' < 1. By Lemma 3.1 and er 2 > 2/- v / r, 
there exist an effective Q-Cartier divisor D' on X and a positive number 
d such that £>' ~ Q (f - ct)L, w-ord^.D'1 s = 2(1 - c), (X,cD + c'D') is 
LC at x , and that the minimal element W of CLC(X, x , aD + c'-D') is 
properly contained in S. Thus we have the theorem when W = {x }. We 
consider the case in which W = C is a curve. Since t,t' < 1, we have 
ct + c'(t' — ct) + (1 — c)(l — d) < 1. As in Step 1, we take a rational number 
t", an effective Q-Cartier divisor D" on X and a positive number c" such 
that ct + c'(t' - ct) + (l - c )(l - c') < t" < 1, D" ~ Q (t" - ct - c'(t' - ct))L, 
w-ord X0 .D"|c = 2(1- c) (!-</), (X,cD + c'D' + c"D") is LC at x and that the 
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minimal element W" of CLC(X, x ,cD + c'D' + c" D") is properly contained 
in C, i.e., {x } G CLC(X, x , c£> + c'D' + c"D"). □ 

The results for smooth case [Ka5 Theorem 3.1] and for Gorenstein Q-factorial 
terminal case [Kl Theorem 3.3] and Theorem 4.1, 4.4 imply the following 
corollary for Q-factorial terminal singularities on threefolds: 

Corollary 4.5. Let X be a normal projective variety of dimension 3 with 
only Q-factorial terminal singularities, xq G X a terminal singular point 
such that ind X0 X = r > 0, and L an ample Q-Cartier divisor such that 
Kx + L is Cartier at x . Assume that there are positive numbers a p for 
p = 1, 2, 3 which satisfy the following conditions: 

(1) $J (L)p ■ W > a p for any subvariety W of dimension p which contains x , 

(2) a 1 > 3/r, a 2 > 3/y/¥, and a 3 > 
Then \Kx + L\ is free at xq. 

5 Effective freeness conditions on surfaces at 
log terminal singularities of A type 

We know that, for effective freeness condition, the weighted blow up and 
the weighted multiplicities are more important than the fundamental cycle 
and Kawachi invariant introduced by Sakai [S] and more powerful Kawachi 
invariant. We give an alternative proof of a theorem of Langer for log terminal 
singular points of only A type [La2]. The method of [La2] is to use a reflexive 
sheaf of rank 2, which is completely different for ours. 

Theorem 5.1 ([La2, Theorem 0.2's application]). Let S be a normal 
projective surface, xq G S log terminal singularities of A type, i.e., = C 2 /Z r (a, 1) 
such that an integer r > and (r, a) = 1, and L an ample Q- Cartier divisor 
such that K s + L is Cartier at x . Assume that there are positive numbers 
°~p f or V — 1) 2 which satisfy the following conditions: 

(1) LP • W > a p for any subvariety W of dimension p which contains xq, 

(2) (Ji > 2/r and a 2 > 2/y/f. 
Then \Kg + L\ is free at x . 

Proof. Let I := min{i | ai = i( mod r) for < i < r} and fj, : S — > S be 
the weighted blow up of S at x such that wt(x,y) = (l/r,l/r) with the 
exceptional divisor E of /i such that K§ = /i*Ks + (2l/r— 1)E. By Theorem 
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2.5, w-mult^;^^ = r/l 2 . 

Step 0. Since a 2 > 2/ ' ^fr and Lemma 3.1, as in Step of the proof of Theorem 
4.1, there exists a rational number t and an effective Q-Cartier divisor D such 
that < t < 1, D ~q tL, and w-ord^ :Xo D = 2l/r. 

Let c be the log canonical threshold of (S, D) at x Q : 

c = sup {t G Q; X s + ££> is LC at x }• 

Then c < 1. Let be the minimal element of CLC(S, x , cD). If = {x }, 
then + L\ is free at x by Proposition 3.2, since ct < 1. 
Step 1. We consider the case in which W = C is a curve. By Proposition 
1.3, C is smooth at a;o- Let U be a neighborhood at Xo- Then C|;y = 
C/Z r (l). Hence we have w-mult M:xo C = 1//. Since <7i > 2/r, as in Step 1 of 
Theorem 4.1, we take a rational number an effective Q-Cartier D' on X, 
and a positive number c' such that ct + (1 — c) < t' < 1, /}' ~q (t' — ct)L, 
w-ord Xo D'|c = (2Z/r)(l — c), (S,cD + c'D') is LC at x , and that the minimal 
element W of CLC(S, x , cD+c'D') is properly contained in C, i.e., {x }. □ 

The following shows the conditions in Theorem 5.1 is best possible. 

Example 5.2. Let S = P(l, l,r) /or an integer r > and rr = (0 : : 1). 

Thenx is a quotient singular point of type C 2 /Z r (l, 1) and Ks = 0{—r — 2). 
If Ks + L is Cartier at x and L is effective, we have L = 0(rk + 2)(k G 
Z,rk + 2>0). IfL = 0(2) and C = P(l,r) ; then \K S + L\ is not free at x 
and L 2 = 4/r and LC = 2/r. 

We have the following that Ks + L is not free at log terminal singularities 
of A type for L 2 > 4/r and LC < 2/r. 

Example 5.3. Let S = P(l,a, r) such that 1 < a < r and x = (0 : : 1). 

Thenx is a quotient singular point of type C 2 /Z r (l,a) andK$ = 0(—r — a — 
1). IfKs+L is Cartier at xq and L is effective, we have L = 0(rk+a+l)(k G 
Z,r£; + a+ 1 > 0). If L = 0(a + 1) and C = P(a,r), then \K S + L\ is not 
free at x and L 2 = (a + l) 2 /ar > 4/r and LC = 2/ar < 2/r. 
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